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Proof:
Lemma 1:
If f ∈ , then |f| ∈ .
Take f ∈ , a continuous function on a 
compact space. Then ∃ constants a, b s.t.
a ≤ f ≤ b so for every ∈ > 0, ∃ a polynomial 
P(x) s.t. ||x| - P(x)| < ∈ for –||f|| ≤x ≤ ||f|| 
define x as f(t) and g(x) as P(f(t)), t ∈ M,  
an algebra  so g(x) ∈ then ∀ t ∈ M,
||f(t)| - P(f(t))| < ∈ and P, f ∈ . If f, g ∈
then  f ◦ g ∈ so f ◦ f = f2 ∈ . Similarly, 
. P a polynomial, so     
Thus, P ◦ f ∈ then |f| ∈
Lemma 5:
Suppose that K
1
and K
2
are disjoint 
compact subsets of M. Then ∃ f ∈ s.t.
0 ≤ f(x) ≤ 1 (x ∈ M) (4)
f(x) = 1 (x ∈ K
1
) (5)  
f(x) = 0 (x ∈ K
2
) (6)
Lemma 3:
For x
1
≠ x
2
, x
1
, x
2
∈ M. Take P ∈ s.t.
P(x1) ≠ P(x2). Then 
Abstract:
We outline the proof of the celebrated Stone-
Weierstrass Theorem and give two applications. 
It is known that the polynomials are dense in 
C[a,b]; that is, given the continuous function and 
a tolerance of the function, polynomials can be 
found within the tolerance of the function. We 
show that in the space C(M), where M is 
compact, if we consider the subalgebra of C(M) 
that contains the constant functions and 
separates points of C(M), then A is dense in 
C(M). Then it follows that the piecewise linear 
functions and the trigonometric polynomials are 
dense in the space of continuous functions on 
compact domains.
Bernstein Approximation Theorem:
f ∈ C[0,1]. Then let ∈ > 0. ∃ N s.t. if n > N
1
, 
|f(x) -B
n
(x)| < ∈ uniformly on C[0,1].
Stone-Weierstrass Approximation
Theorem:
Let M be a compact metric space. Let A be a 
subset of C(M) s.t.
A is an Algebra, (1)
A separates points of M, (2)
A contains the constant functions (3)
Then       = C(M). That is, A is dense in C(M). 
Then let
Then 
Thus f ∈ and f has the required properties.
Piecewise Linear Theorem:
Every function in C[a,b] can be approximated 
uniformly on [a,b] by continuous piecewise linear 
functions. 
Proof:
Let A be the set of continuous piecewise linear 
functions, which is an algebra and contains the 
constant functions. Considering the function
we see that A separates   
points. Choose x
1
< x
2
, then 
f(x
1
) ≠ f(x
2
) then x
1
≠ x
2
. Thus, L is dense in 
C[a,b].
Trigonometric Polynomials Theorem:
Let f: R → R be a continuous periodic function 
with 2𝜋. Then for any ∈ > 0, there exists a 
trigonometric polynomial T such that ||f – T||
R
< ∈.
Proof:
Let T be the set of trigonometric polynomials on 
C[a,b] is an algebra, with b-a < 2π. For m, n ∈ ℝ,
So T is an algebra. To see T separates points, 
take x
1
, x
2
. If sin(x
1
) ≠ sin(x
2
) then it separates 
points. If sin(x
1
) = sin(x
2
) then cos(x
1
) ≠ cos(x
2
) 
so T still separates points. Then the trig 
polynomials are dense in C[a,b].
